. For a completely regular space X and a normed space E let C X, E be the set of all E-valued continuous maps on X endowed with the topology of uniform convergence on the members of , where is a family of closed and t-bounded subsets of X such that is a cover of X and it is invariant with respect to finite unions. Necessary and sufficient conditions in the terms of the topology of X are Ž . given in order C X, E to be barrelled, quasi-barrelled, bornological, or ultrabornological space. ᮊ
INTRODUCTION
Throughout this paper we consider only completely regular topological spaces and Hausdorff locally convex linear spaces; E and F are always Ž . normed linear spaces; C X, E denotes the sets of all E-valued continuous maps on a topological space X; when E is the real line R we simply write Ž . Ž . C X ; a subset K of X is t-bounded in X if f K is a bounded subset of Ž . R for every f g C X . When every closed and t-bounded subset of X is compact we say that X is a -space. Let be a cover of a space X with the following properties: every element of is closed and t-bounded in X and is invariant with respect to finite unions. Recall that an ideal of w x closed sets 8 is a collection of closed sets closed under heredity and finite additivity. Note that often closed ideals have the required properties of the Ž . cover for example, the ideals of all finite or compact sets . The set Ž . C X, E with the topology of uniform convergence on members of is Ž . Ž . Ä Ž . denoted by C X, E . We also denoted by X the space D cl K : K X 4 g with the topology inherited from the Hewitt realcompactification X Ž . of X. Observe that each cl K , K g , is compact because the members X 
Ž . of are t-bounded in X.
If Z is a subspace of X containing X , then a set B : Z is said to be -bounded in Z if every lower semi-continuous Ž . w . abbreviated lsc function : Z ª 0, ϱ is bounded on B provided it is bounded on each K g . Both notions, t-boundedness and -boundedness, have to be distinguished from the usual boundedness in a topological vector space.
The aim of this paper is to give necessary and sufficient conditions in Ž . the terms of the topological structure of X in order C X, E to be a barrelled, quasi-barrelled, bornological, or ultrabornological space. Such w x conditions were given in 5 , when E is the space of the real or complex numbers and is the family of all compact subsets of X. A more recent w x paper 12 , contains characterizations of the above linear topological Ž . properties of C X in the terms of filters on X. The following are our main results:
THEOREM 1. Let E be a Banach space. Then C X, E is barrelled if and

Ž . Ž . only if e¨ery t-bounded subset of X is contained in cl
K for some X K g .
Ž . THEOREM 2. C X, E is quasi-barrelled if and only if e¨ery -bounded
Ž .
Ž . subset of X is contained in cl K for some K g .
This paper is organized as follows: Section 2 contains all preliminary facts and lemmas needed for the proofs of the main results, which are given in Section 3. The last section is devoted to some corollaries and additional results. Let 
If is the closed ideal of all compact resp. all finite subsets of X,
, so X is a -space. We also adopt the following notation: E and E 5 5 5 < < 5 F are equipped with a fixed norm which is denoted by и and и : ␤ E w x 5 5 ª 0, ϱ is the continuous extension of и considered as a function from w . E into 0, ϱ , where ␤E is the Cech᎐Stone compactification of E. Ž Ž . . Ž . BL C X, E , F denotes the set of all bounded linear maps from C X, E into F.
Let Y be a locally convex topological space. Recall that an absolutely Ž . convex set A : Y is a borni¨ore or bound absorbing resp. a barrel if A Ž absorbs all bounded subsets of Y resp. A is closed and absorbs all points . Ž . w x of Y . We say that Y is barrelled resp. bornological 9 if every barrel Ž . resp. bornivore in Y is a neighborhood of 0. If every bound-absorbing barrel in Y is a neighborhood of 0, then Y is called quasi-barrelled. When every absolutely convex set A : Y is a neighborhood of 0 in Y, provided it absorbs all bounded, absolutely convex, and sequentially complete subsets of Y, then Y is said to be ultrabornological. Ž . Let be a linear map from C X, E into a linear space. The support of Ž . is the set supp of all points x g ␤ X satisfying the condition that for Ž . 
Proof. First let us show that supp A A : X. Suppose there is a point Ž .
Ä 4 x g supp * _ X for some * g A A. Let U be a decreasing sequence
Fix c g R and consider the continuous map :
We now proceed to the proof of Lemma 2.1. By the above claim, 5 Ž .5 multiplying f by a scalar, if necessary, we can assume that * f G n n n
and can meet only finitely many U . So p f s 0 for almost all n. Thus,
w . supp A A is not -bounded in Z; i.e., there is a lsc function : Z ª 0, ϱ Ž . which is bounded on each K g and unbounded on supp A A . Then for y1 Ž . Ž . each n g N we can find g A A and x g n, ϱ l supp . Con- 
Proof. The first part of Corollary 2.2 follows from Lemma 2.1. Let be Ž .
Denote by C X, E the space of all bounded continuous maps from X U into E with the sup-norm topology. Then considered as a linear map on U Ž . C X, E is bounded, hence continuous. Thus, there is ) 0 such that 
n n discrete and unbounded in R. Embedding R in E, we can assume that f is
Let g A A be such that x g supp and U s V . Then there is Let k G 2 and suppose we have found , . . . , , U , . . . , U , and
Ž . that by 3 and the fact that x g supp l U we have U / U for
A A is not pointwise bounded. This gives us a contradiction.
л. The converse implication follows from the following: 
␤ g x -␦ , and the ␦-modification g of g. We
Since g can be represented in the form 2 g y g q 2 g ,
we finally obtain g g V.
Ž . LEMMA 2.6. Let V be an absolutely con¨ex set in C X, E absorbing all 
con¨ex. Then V is a borni¨ore in C X, E if and only if V absorbs
k Ä Ž . 5 Ž .5 5 Ž .5 4 all segments I s g g C X, E : g x F f x for all x g X , f g f Ž . C X, E .
Ž .
Proof. Since X s X, by Lemma 2.6, supp V is a compact subset of Ž . X. Because each I is a bounded set in C X, E , we only have to show f k that V is a bornivore provided it absorbs all segments I . To this end,
. absorbs all bounded sets in C X, E ; hence so does V. Therefore, V is a
.8. Let B be a t-bounded set in X and let
. sequentially closed, and absorbing in C X, E . If, in addition, B is - 
Observe that the last inequality is true for any 2 
Ž
. Ž . Ž . ) , which implies qf q 1 y q f g V . Hence V is convex. Ž . The same arguments with f replaced by 0 show that V is absolutely 2 B convex.
s 1rn , the last inequality is equivalent to
Ž . sequence in C X, E and let f s lim f . We show that f g V . Assumn B 5 < Ž .< 5 ing this is not the case, there are y g B and ) such that ␤ f y )
Ž . need to show that V absorbs all bounded subsets of C X, E . To this
. end, let A : C X, E be an arbitrary bounded set. Define a function :
A Ž . COROLLARY 2.9. Let B : X be a t-bounded set in X and let ) 0.
Ž . g g C X, E . By Lemma 2.8, we have to prove only that V is closed in
, because x* g W , a contradiction.
T check shows that A : A : AЊЊ, and if A is a closed absolutely convex 
Ž .
Repeating the same arguments from the proof that supp VЊ is dense in Ž . Ž . Ž . supp VЊЊ we can find g g C X, E such that g f V and g s 0 for all
Finally, since V Њ s V, we arrive at the C C C contradiction.
PROOF OF THE MAIN RESULTS
Ž .
Proof of Theorem 1. Suppose C X, E is barrelled and let B be an Ž .
Ž . Ä arbitrary t-bounded subset of X . By Corollary 2.9, the set
Ž . Now, assume that each t-bounded subset of X is contained in Ž .
Ž .
T cl K for some K g . Let V be a barrel in C X, E and let V be its
Proceeding to the proof of Theorem 1 and applying the Claim, we can
Proof of Theorem 2. We follow very closely the proof of Theorem 1.
Ž . Suppose C X, E is quasi-barrelled and let B be an arbitrary -bounded
Ž . Then, as in the proof of Theorem 1, B : cl K .
X
To prove the other implication, assume that each -bounded subset of
. ing barrel in C X, E and let V be its polar in CL C X, E , E . Since V C
Ž .
T absorbs all bounded sets in C X, E , V is strongly bounded. Then, by C Ž T . Ž . Lemma 2.1 and Corollary 2.2, supp V is -bounded in X . Hence, 
X
To prove sufficiency, assume that each -bounded subset of X is Ž . Ž . contained in cl K for some K g . To establish that C X, E is X bornological it suffices to show that any bounded linear map from Ž . C X, E into a locally convex linear topological space F is continuous.
Since F is isomorphic to a subspace of a product of normed spaces, we can Ä Ž . 5 Ž .5 assume that F is itself a normed space. Then V s f g C X, E : f 4 Ž . Ž . w the equivalence of 2 and 3 follows from 11, Proposition 3.7 and x Corollary 3.9 .
